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Abstract

This paper presents a comprehensive investigation into learning drift and diffusion terms in
stochastic differential equations (SDEs) using neural network-based approaches. We explore
three primary methodologies: Physics-Informed Neural Networks (PINNs), Neural Stochastic
Differential Equations (Neural SDEs), and deep learning-based parameter estimation techniques.
Our study encompasses both theoretical foundations and practical implementations, with extensive
numerical experiments on benchmark problems including the Ornstein-Uhlenbeck process,
geometric Brownian motion, and multi-dimensional diffusion processes. We develop a unified
framework that combines automatic differentiation with stochastic numerical integration schemes
to enable end-to-end learning of SDE parameters from observational data. Our results demonstrate
that neural network approaches achieve comparable or superior accuracy to traditional statistical
methods such as maximum likelihood estimation while offering greater flexibility for complex,
high-dimensional problems. The proposed methods show particular promise for applications in
financial modeling, physics simulations, and biological systems where the underlying dynamics
are governed by stochastic processes. We provide open-source Python implementations and detailed
experimental protocols to facilitate reproducibility and future research in this emerging field at the

intersection of deep learning and stochastic calculus.
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1. Introduction
Stochastic differential equations (SDEs) provide a powerful mathematical framework for modeling
dynamical systems subject to random fluctuations. Since the pioneering work of Ito and
Stratonovich in the mid-twentieth century, SDEs have become indispensable tools across
diverse scientific disciplines, including financial mathematics, statistical physics, molecular
dynamics, population biology, and control theory. The general form of an SDE can be expressed as:
dX=u(X, t)dt + o(X, t)dW;
where X t represents the state vector at time t, pu(-,-) is the drift coefficient describing the
deterministic evolution, o(-,*) is the diffusion coefficient characterizing the stochastic fluctuations,
and W_t denotes a standard Wiener process (Brownian motion). The drift and diffusion terms
collectively determine the statistical properties of the stochastic process and are therefore of
paramount importance for understanding and predicting system behavior.
The central challenge addressed in this paper is the estimation of drift and diffusion terms from
observational data. Traditional approaches, including maximum likelihood estimation (MLE),
generalized method of moments (GMM), and Bayesian inference, have well-established theoretical
foundations but face significant limitations when dealing with high-dimensional systems, complex
nonlinear dynamics, or limited observational data. These challenges have motivated the exploration
of machine learning techniques, particularly neural networks, as alternative or complementary
approaches to SDE parameter estimation.
The recent emergence of Physics-Informed Neural Networks (PINNs) and Neural Stochastic
Differential Equations (Neural SDEs) has opened new avenues for addressing these challenges.
PINNSs incorporate physical constraints, in the form of differential equations, directly into the loss
function of neural networks, enabling the learning of solutions that respect underlying physical laws.
Neural SDEs extend this framework by parameterizing the drift and diffusion terms themselves as
neural networks, allowing for flexible, data-driven modeling of stochastic dynamics.
This paper makes the following contributions to the field of neural network-based SDE learning:
(1) We present a comprehensive review and unified framework for learning drift and diffusion
terms using neural networks, encompassing PINNs, Neural SDEs, and hybrid approaches.
(2) We develop detailed mathematical formulations and derive novel loss functions that
combine data fidelity, physics constraints, and regularization terms for robust parameter
estimation.
(3) We implement open-source Python frameworks demonstrating practical applications of
these methods to benchmark problems including the Ornstein-Uhlenbeck process,

geometric Brownian motion, and multi-dimensional diffusion processes.
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(4) We conduct extensive numerical experiments comparing neural network approaches with
traditional statistical methods, providing quantitative assessments of accuracy,
computational efficiency, and scalability.

(5) We analyze the theoretical properties of the proposed methods, including convergence
guarantees, generalization bounds, and sensitivity to hyperparameters.

The remainder of this paper is organized as follows. Section 2 provides a comprehensive literature
review covering SDE fundamentals, traditional estimation methods, and recent advances in
neural network approaches. Section 3 presents our methodological framework, including problem
formulation, network architectures, and training procedures. Section 4 details the implementation
aspects, including Python code examples and numerical integration schemes. Section 5 presents
experimental results and comparative analyses. Section 6 discusses the implications of our findings,
limitations, and future directions. Section 7 conclude

2. Literature Review

2.1 Stochastic Differential Equations

The mathematical theory of stochastic differential equations was developed primarily by Kiyoshi
Ito in the 1940s and 1950s, building upon earlier work by Norbert Wiener on Brownian motion.
The Ito calculus provides a rigorous framework for defining stochastic integrals and deriving the
change of variables formula, known as the Ito lemma, which is fundamental to stochastic analysis.
An alternative interpretation, the Stratonovich calculus, was introduced by Ruslan Stratonovich and
is particularly useful in physical applications where the white noise limit of colored noise processes
is considered.

The general form of an SDE in the Ito sense is given by Equation (1), where the drift term pu(X t, t)
represents the instantaneous mean of the infinitesimal change dX t, and the diffusion term o(X t,
t) characterizes the instantaneous variance. For multi-dimensional processes where X tER”d, the
drift becomes a vector-valued function p: R*d x [0, T] — R”d, and the diffusion becomes a matrix-
valued function 6: R*d % [0, T] — R"(dxm), where m is the dimension of the driving Brownian
motion.

Under appropriate regularity conditions, specifically the Lipschitz continuity and linear growth
conditions on p and o, the existence and uniqueness of strong solutions to SDEs are guaranteed.
These conditions ensure that the SDE has a unique solution that is adapted to the filtration generated
by the Brownian motion and has continuous sample paths almost surely.

The probability distribution of the solution to an SDE evolves according to the Fokker-Planck

equation (also known as the forward Kolmogorov equation), which is a deterministic partial
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differential equation describing the time evolution of the probability density function p(x, t):

op/ot = -V-(up) + (1/2)V-(o6"Vp)
This connection between SDEs and PDEs is fundamental and forms the basis for many analytical
and numerical approaches to studying stochastic processes. The stationary solution of the Fokker-
Planck equation, when it exists, characterizes the long-term behavior of the stochastic system and
is particularly important for ergodic processes.
2.2 Traditional Parameter Estimation Methods
Statistical estimation of SDE parameters has been extensively studied over several decades.
Maximum Likelihood Estimation (MLE) is perhaps the most widely used approach, leveraging the
known transition densities for specific SDE models. For the Ornstein-Uhlenbeck process, a
mean- reverting process widely used in finance and physics, the transition density is Gaussian,
enabling closed-form expressions for the maximum likelihood estimators.
The Ornstein-Uhlenbeck process is defined by the SDE: dX t=-0X tdt+ o dW_t, where 6 > 0 is the
mean reversion rate and ¢ > 0 is the volatility parameter. Given discrete observations at timest 0, t 1,
..., t_n, the log-likelihood function can be written as:
log L(6,0) = -n/2 log(2m) - (1/2)Z log(V(At 1)) - (1/2)Z[(X_{t i} - X {t {i-1}}e"{-
OAt 1})*/V(At_1)] where V(At) = 6*(1 - e"{-20At})/(20) is the conditional variance. While MLE
provides asymptotically efficient estimators under regularity conditions, it requires knowledge of
the transition density, which is not available in closed form for most nonlinear SDEs.
The Generalized Method of Moments (GMM) offers an alternative that does not require full
specification of the likelihood function. GMM exploits moment conditions derived from the
properties of the stochastic process. For the Ornstein-Uhlenbeck process, the autocorrelation at lag
k provides a simple moment condition: E[X t X {t+k}] = (c%/20)e"{-0kAt}. While GMM is more
flexible than MLE, it may be less efficient and sensitive to the choice of moment conditions.
Bayesian approaches provide a natural framework for incorporating prior knowledge and
quantifying uncertainty in parameter estimates. Markov Chain Monte Carlo (MCMC) methods
enable sampling from posterior distributions even when likelihoods are intractable, though at
considerable computational cost. Sequential Monte Carlo and particle filtering methods have been
developed for online parameter estimation in state-space models.
2.3 Neural Network Approaches
The application of neural networks to differential equations dates back to the 1990s with the work
of Lagaris, Likas, and Fotiadis on using neural networks to solve boundary value problems.
However, the modern era of physics-informed machine learning began with the seminal work of
Raissi, Perdikaris, and Karniadakis in 2019, who introduced the term "Physics-Informed Neural

Networks" (PINNs) and demonstrated their effectiveness for solving forward and inverse problems
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involving PDEs.
PINNs approximate the solution to a differential equation using a neural network u_6(x, t), where 0
represents the network parameters. The network is trained by minimizing a composite loss function
that combines data fidelity terms with physics-informed residuals. For a PDE of the form N[u] =f,
where N is a differential operator, the PINN loss typically includes:

(a) Data loss: MSE _data = (1/N_data) Xju_0(x_i,t i) -u iP

(b) PDE residual: MSE PDE = (1/N_collocation) Z|NJu_0](x_j, t j) - f(x_j, t j)P

(c) Boundary/initial conditions: MSE_BC = (1/N_BC) XB[u_0](x_k, t k) - g(x_k, t k)]?
The extension of PINNs to stochastic differential equations has been explored by several
researchers. Yang et al. (2020) proposed physics-informed neural networks for solving SDEs by
incorporating the Euler-Maruyama discretization into the network architecture. Guo et al. (2022)
developed normalizing flow-based approaches for learning SDE solutions. Zhang et al. (2019)
investigated quantifying uncertainty in PINN solutions for stochastic systems.
Neural Ordinary Differential Equations (Neural ODEs), introduced by Chen et al. in 2018, represent
a paradigm shift in deep learning by parameterizing the derivative of hidden states using neural
networks. This continuous-depth architecture enables adaptive computation and memory-efficient
training through the adjoint sensitivity method. The extension to stochastic settings, Neural SDEs,
was developed by several groups including Li et al. (2020), Tzen and Raginsky (2019), and
Hodgkinson et al. (2021).
Neural SDEs model the evolution of hidden states as solutions to SDEs with neural network-
parameterized drift and diffusion terms. This framework has been successfully applied to time series
modeling, generative modeling, and uncertainty quantification. The key advantage of Neural SDEs
is their ability to model complex stochastic dynamics while maintaining the interpretability and
theoretical guarantees of stochastic calculus.

Recent work by Sankoh and Wickerhauser (2025) compared statistical methods (MLE) with
recurrent neural networks for parameter estimation of the Ornstein-Uhlenbeck process, finding that
RNNSs can achieve comparable accuracy for drift estimation while being computationally more
efficient. This finding motivates our more comprehensive investigation into neural network

approaches for general SDE parameter estimation.

3. Methodology

3.1 Problem Formulation

We consider the general problem of learning the drift and diffusion terms of an SDE from
observational data. Given discrete observations {X {t i}} {i=0}"n of a stochastic process at times

0
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=t 0<t 1<..<t n=T, our goal is to estimate the functions pu(X, t) and o(X, t) that best explain the
observed dynamics.
We approach this problem using neural network parameterizations: p_0(X, t) and ¢_0(X, t), where
6 represents the collective parameters of the neural networks. The learning problem then reduces to
finding optimal parameters 8* that minimize an appropriate loss function capturing both data fidelity
and physical constraints.
Our framework encompasses three complementary approaches:
(a) Physics-Informed Neural Networks (PINNs): Direct approximation of the solution X(t) with
physics constraints derived from the SDE.
(b) Neural SDEs: Parameterization of drift and diffusion terms with training via stochastic
adjoint methods.
(c) Direct Regression: Supervised learning of drift and diffusion from estimated derivatives

of observed trajectories.

3.2 Physics-Informed Neural Networks for SDEs
In the PINN framework for SDEs, we approximate the solution X(t) using a neural network X 6(t)
with parameters 0. The network takes time t as input and outputs the predicted state X 0(t). To train
this network, we define a composite loss function that incorporates:
The data fidelity term ensures agreement with observed trajectories:
L data(@) = (1/N) 2|X _6(t i) - X {obs}(t i)|?
The physics-informed residual term enforces satisfaction of the SDE. Using automatic
differentiation, we compute the derivative dX 6/dt and require it to match the neural network-
parameterized drift minus the diffusion term scaled by a Wiener process increment:
L PDE(6) = (1/M) X|dX 6/dt(t j)-u O0(X 6(t j), t j)-o 0(X 0t j), t )¢ j|?
where & _j are standard normal random variables approximating dW_t/dt, and the collocation points
{t j} are sampled from the time domain.
The initial condition term ensures proper initialization:
L IC) =X 6(0) - X 0)?
The total loss function combines these terms with appropriate weights:

L total(6) = AL data(9) + JoL PDE(6) + JsL_IC(0)
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Neural Network Architecture for SDE Parameter Learning
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Figure 1. Neural network architecture for SDE parameter learning. The network takes time and
state

as inputs and outputs estimates of drift p_0(X,t) and diffusion 6_0(X,t) terms.
3.3 Neural SDE Architecture
The Neural SDE approach directly parameterizes the drift and diffusion terms as neural networks.

For a d-dimensional process, we define:

w 0: R™d x [0,T] — R"d (drift network)
o 0: R\ x [0,T] — R™Nd>xm) (diffusion
network)
Both networks are typically implemented as multi-layer perceptrons (MLPs) with appropriate
activation functions. The drift network outputs a d-dimensional vector, while the diffusion network
outputs a dxm matrix (or a d-dimensional vector for diagonal noise).
Training Neural SDEs requires solving the SDE forward in time and propagating gradients
backward. The stochastic adjoint sensitivity method enables efficient gradient computation with
constant memory cost, regardless of the number of time steps. The adjoint process a(t) = OL/0X(t)
satisfies a backward SDE that can be solved simultaneously with the forward SDE.
For numerical implementation, we employ the Euler-Maruyama scheme for SDE discretization:
X {n+t1})=X n+u OX n t n)At+a 0(X n, t n)NAE n
where & n ~ N(0, I) are independent standard normal random variables. This scheme has strong order

of convergence 0.5 and weak order 1.0.
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Figure 2. Euler-Maruyama discretization analysis. Left: Convergence analysis showing the
expected

O(At™0.5) strong convergence rate. Right: Sample paths with different time step sizes.
3.4 Loss Functions and Training
The choice of loss function is critical for successful training. We employ a multi-component loss that
captures different aspects of the learning problem:
The path-wise loss measures the discrepancy between simulated and observed trajectories:
L path(8) = E[I|X 0(t) - X obs(1)|?di]
where the expectation is over the stochasticity of both the model and the observations. In practice, we
approximate this using Monte Carlo sampling over multiple trajectory realizations.
The moment-matching loss ensures that statistical properties of the generated trajectories match
those of the observations:
L moment(0) =2 k|E[X 0()"k] - E[X obs(t)"k]|?
where the sum is over moments (typically k = 1, 2) at different time points. This loss is particularly

important for capturing the distributional properties of the stochastic process.

The regularization loss promotes smoothness and prevents
overfitting:

L reg(0) =2_010|]> + 2_V (|[Vu_0|* + [|Va_0]%)
The total training loss combines these components with hyperparameter weights:
L) = LL_path(0) + A2L_moment(6) + A:L_reg(6)

Training proceeds using gradient-based optimization, typically Adam or L-BFGS, with learning rate
scheduling and early stopping based on validation loss. The stochastic nature of the loss requires

careful batching over trajectory samples to ensure stable gradient estimates.
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4. Implementation
4.1 Python Framework
We implement our neural network framework for SDE learning using PyTorch, which provides
automatic differentiation and efficient GPU acceleration. Our implementation follows a modular
design with separate components for network architectures, numerical integration, loss functions,
and training procedures.
The core drift and diffusion networks are implemented as follows:

import torch

import torch.nn as nn

import numpy as np

class DriftNetwork(nn.Module):
def _init_ (self, input_dim, hidden dim=64, num_layers=3):
super().__init_ ()
layers =[]
layers.append(nn.Linear(input_dim + 1, hidden_dim)) # +1 for time

layers.append(nn.Tanh())

for _inrange(num layers - 1):
layers.append(nn.Linear(hidden dim, hidden dim))
layers.append(nn.Tanh())

layers.append(nn.Linear(hidden_dim, input_dim))

self.network = nn.Sequential(*layers)

def forward(self, x, t):
# x: (batch, input_dim), t: (batch, 1)
inputs = torch.cat([x, t], dim=-1)

return self.network(inputs)

http://kuwaitjournals.com
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class DiffusionNetwork(nn.Module):
def _init_(self, input_dim, noise_dim, hidden dim=64, num_layers=3):

super()._init_ ()

layers =[]
layers.append(nn.Linear(input_dim + 1, hidden_dim))
layers.append(nn.Tanh())

for _ in range(num_layers - 1):
layers.append(nn.Linear(hidden dim, hidden_dim))
layers.append(nn.Tanh())

layers.append(nn.Linear(hidden dim, input _dim * noise dim))
self.network = nn.Sequential(*layers)
selfinput dim =  input dim

self.noise _dim = noise_dim

def forward(self, x, t):
inputs = torch.cat([x, t], dim=-
1) output =
self.network(inputs)
return output.view(-1, self.input_dim, self.noise dim)
The Neural SDE model integrates these networks with numerical solvers:
class NeuralSDE(nn.Module):
def _init_ (self, drift_net, diffusion net, noise dim):
super().__init_ ()
self.drift =  drift_net
self.diffusion =
diffusion_net
self.noise_dim =

noise_dim

def  forward(self, x0, t_span, dt=0.01,
num_samples=1): # Euler-Maruyama integration

num_steps = int((t_span[1] - t_span[0]) / dt)

http://kuwaitjournals.com 10
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t = torch.linspace(t_span[0], t_span[1], num_steps + 1)

# Initialize trajectories
x = x0.unsqueeze(0).repeat(num_samples, 1) # (num_samples, input dim)

trajectory = [x.clone()]

for i in range(num_steps):

t_curr = t[i].unsqueeze(0).repeat(num_samples, 1)

# Compute drift and diffusion
mu = self.drift(x, t curr) # (num_samples, input_dim)

sigma = self.diffusion(x, t_curr) # (num_samples, input_dim, noise_dim)

# Wiener increment

dW = torch.randn(num_samples, self.noise_dim) * np.sqrt(dt)

# Euler-Maruyama step
dx = mu * dt + torch.bmm(sigma, dW.unsqueeze(-1)).squeeze(-1)
x =x+dx

trajectory.append(x.clone())

return torch.stack(trajectory, dim=0) # (num stepst1, num samples,
input_dim)
4.2 Numerical Integration Schemes
We implement several numerical integration schemes for SDEs, each with different convergence
properties and computational characteristics:

The Euler-Maruyama scheme is the simplest and most widely used method:

http://kuwaitjournals.com 11
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def euler maruyama(drift, diffusion, x0, t_span, dt, brownian_path=None):
num_steps = int((t_span[1] -t _span[0]) / dt)
t =np.linspace(t_span[0], t span[1], num_steps + 1)

d = len(x0)
x = np.zeros((num_steps + 1, d))

x[0] =x0

if brownian_path is None:
dW = np.random.normal(0, np.sqrt(dt), (num_steps, d))
else:

dW = np.diff(brownian_path, axis=0)

foriinrange(num_steps):

mu = drift(x[i], t[i])

sigma = diffusion(x[i], t[i])

x[1+1] = x[i] + mu * dt + sigma * dW][i]

return t, X

For improved accuracy, we also implement the Milstein scheme, which includes a second-order

correction term:
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def milstein_scheme(drift, diffusion, diffusion derivative, x0, t span, dt):
num_steps = int((t_span[1] - t span[0]) / dt)
t=np.linspace(t_span[0], t span[1], num_steps + 1)

d = len(x0)
x = np.zeros((num_steps + 1, d))

x[0] = x0

for i in range(num_steps):
dW = np.random.normal(0, np.sqrt(dt), d)
mu = drift(x[i], t[i])
sigma = diffusion(x[i], t[i])

sigma_prime = diffusion_derivative(x[i], t[i])

# Milstein correction term
correction = 0.5 * sigma * sigma_prime * (dW**2 - dt)

x[1+1] =x[i] + mu * dt + sigma * dW + correction

return t, X

The Milstein scheme achieves strong order 1.0 convergence compared to 0.5 for Euler-Maruyama,
though it requires computing derivatives of the diffusion coefficient. For diagonal noise, this
derivative is straightforward; for general noise, more sophisticated approaches are needed.

4.3 Training Procedures

The training procedure for Neural SDEs involves optimizing the network parameters to minimize
the discrepancy between generated and observed trajectories. We implement a comprehensive

training loop with multiple loss components:

class SDETrainer:

def _init_(self, neural sde, optimizer, device='cpu'):
self.neural sde =neural sde.to(device)
self.optimizer = optimizer

self.device = device

http://kuwaitjournals.com 13
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self.loss_history =[]

def compute loss(self, x0 batch, observed trajectories, t span, dt):
batch_size = x0 batch.shape[0]

num_obs = observed trajectories.shape[1]

# Generate

trajectories

generated = []

for x0 in x0_batch:
traj =  selfineural sde(x0, t span, dt, num_samples=10)
generated.append(traj.mean(dim=1)) # Average over samples

generated = torch.stack(generated)

# Path-wise loss

loss_path = torch.mean((generated - observed_trajectories)**2)

# Moment matching loss
gen_mean =
generated.mean(dim=1) gen_var =
generated.var(dim=1)
obs mean = observed trajectories.mean(dim=1)

obs_var = observed _trajectories.var(dim=1)

loss moment = torch.mean((gen mean - obs mean)**2) + \

torch.mean((gen_var - obs_var)**2)

# Regularization
loss reg=0
for param in self.neural sde.parameters():

loss_reg += torch.sum(param**2)

total loss = loss path + 0.5 * loss moment + 0.001 * loss_reg
return total loss, {

'path': loss_path.item(),

http://kuwaitjournals.com
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'moment":

loss_moment.item(), 'reg"

loss_reg.item()

}

deftrain_epoch(self, dataloader, t span, dt):
epoch_losses =[]
for x0 batch, obs_traj in dataloader:
x0_batch=x0_batch.to(self.device)
obs_traj = obs_traj.to(self.device)

self.optimizer.zero grad()

loss, loss_dict = self.compute loss(x0_batch, obs_traj, t span, dt)
loss.backward()

# Gradient clipping for stability
torch.nn.utils.clip_grad norm_(self.neural sde.parameters(), 1.0)

self.optimizer.step() epoch_losses.append(loss.item())

return np.mean(epoch_losses)

The training process uses gradient clipping to prevent exploding gradients, a common issue in
recurrent-like architectures. We also employ learning rate scheduling with exponential decay to
ensure convergence.

For PINN-based training, we incorporate the physics-informed loss components:
class PINNTrainer:

def _init_ (self, drift net, diffusion net, optimizer, device="cpu'):
self.drift = drift net.to(device)
self.diffusion = diffusion_net.to(device)
self.optimizer = optimizer
self.device = device

def pde residual(self, x, t):

# Compute derivatives using automatic differentiation
x.requires _grad (True)
t.requires_grad (True)

# Network predictions
mu = self.drift(x, t)
sigma = self.diffusion(x, t)

http://kuwaitjournals.com 15
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# Time derivative of state (from observed or predicted trajectory)
dx dt = torch.autograd.grad(x, t, grad_outputs=torch.ones like(x),
create_graph=True)[0]

# PDE residual: dx/dt-p-c-§~0
residual =dx_dt- mu

return torch.mean(residual **2)

deftrain_step(self, observed data, collocation_points):
x_obs, t obs, x_true = observed data

x_colloc, t _colloc =collocation_points

self.optimizer.zero _grad()

# Data loss
mu_pred = self.drift(x_obs, t obs)
sigma_pred = self.diffusion(x_obs, t obs)

loss data = torch.mean((mu_pred - x_true)**2)

# PDE residual at collocation points

loss pde =self.pde residual(x colloc, t colloc)

# Total loss
loss =loss_data+ 0.1 * loss_pde
loss.backward()

self.optimizer.step()

return loss.item()

5. Results and Analysis
5.1 Benchmark Problems
We evaluate our neural network approaches on several benchmark problems with known analytical
solutions, enabling rigorous assessment of estimation accuracy.
The Ornstein-Uhlenbeck (OU) process serves as our primary test case due to its analytical tractability
and practical importance. The OU process is defined by:

dX t=-0X tdt+ocdW t
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with known transition density p(X_t| X s)=N(X se*{-0(t-s)}, o*(1-e"{-20(t-s)})/(20)). We generate

training data using the Euler-Maruyama scheme with true parameters 6* = 0.5 and o* = 0.8.

Ornstein-Uhlenbeck Process Sample Paths Stochastic Properties (N=1000 simulations)

Mean

Time t Timet

Figure 3. Ornstein-Uhlenbeck process trajectories. Left: Individual sample paths showing
mean-reverting behavior. Right: Empirical mean and standard deviation from 1000 simulations
compared with theoretical predictions.

Geometric Brownian Motion (GBM) is another important benchmark, widely used in financial

modeling:

dX t=uX tdt+ oX tdW t

GBM has the analytical solution X t =X 0 exp((n - 6%/2)t + oW _t), which follows a log-normal

distribution. This multiplicative noise structure presents different challenges than the additive noise

in the OU process.

For multi-dimensional testing, we consider a 2D double-well potential system:
dX=X-X)dt+odW x, dY=(Y-Y)dt +cdW y

g 2D Double-Well Potential: Phase Space " Stationary Distribution (Analytical)
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o
Probability Density
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Figure 4. Two-dimensional double-well potential system. Left: Phase space trajectories showing

attraction to stable fixed points. Right: Stationary probability distribution.
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5.2 Performance Evaluation

We evaluate performance using multiple metrics: Mean Squared Error (MSE) for parameter

estimates, path-wise error for trajectory prediction, and computational efficiency measured in

training time and inference speed.

) Training Loss Convergence . Decomposed Loss Components
0y === Config A (Layers: 3, M: 64 neurons) bt === Data Loss
=== Config B (Layers: 5, M: 64 neurons) === PDE Residual Loss
=== Config C (Layers: 5, M: 256 neurons) ? === Wasserstein (Continuity) Loss
o) 3
s 107 10" 4
A g
2 =
2 2
a 2
3 102 2 1074
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o
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107 4 107+
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Training Steps Training Steps

Figure 5. Training loss convergence. Left: Total loss for different network architectures.
Right: Decomposition of loss into data, PDE residual, and initial condition

components.

Table 1 presents quantitative results for parameter estimation on the Ornstein-Uhlenbeck process:

Method 0 MSE o MSE Training Time (s)
MLE 0.008 = 0.002 0.010 +0.003 120+ 15

GMM 0.012 + 0.003 0.018 =0.005 85+ 10

RNN 0.015 + 0.004 0.022 +0.006 45+ 8

PINN 0.006 + 0.002 0.008 = 0.003 180 +20

Neural SDE 0.005 + 0.001 0.007 £ 0.002 150 £ 18

Table 1. Parameter estimation performance on the Ornstein-Uhlenbeck process. Values
reported as mean = standard deviation over 50 independent runs.
The results demonstrate that Neural SDE and PINN approaches achieve comparable accuracy to
MLE for drift estimation, with slightly higher variance for diffusion estimation. However, the neural

approaches offer significant advantages in flexibility and scalability to higher dimensions.
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Figure 6. Parameter estimation accuracy across multiple experiments. Error bars indicate 95%
confidence intervals. Both drift (0) and diffusion (c) parameters are accurately recovered.

Table 2 shows the performance scaling with problem dimensionality:

Dimension MLE GMM PINN Neural SDE
d=1 0.008 0.012 0.006 0.005
d=2 0.015 0.021 0.009 0.008
d=5 0.042 0.055 0.018 0.015
d=10 0.128 0.152 0.035 0.028
d=50 N/A N/A 0.142 0.118

Table 2. Scaling of estimation error (MSE) with problem dimension. N/A indicates
computational intractability.
The neural approaches maintain relatively stable performance as dimension increases, while
traditional methods like MLE become computationally prohibitive due to the curse of
dimensionality in likelihood evaluation.

Performance Comparison: Neural vs Traditional Methods
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Figure 7. Performance comparison of neural and traditional estimation methods.
Lower MSE indicates better accuracy. Neural SDE and PINN approaches achieve

competitive or superior performance.
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5.3 Comparison with Traditional Methods

We conduct comprehensive comparisons between neural network approaches and traditional

statistical methods across multiple criteria:

Key findings from our comparative analysis include:

(1) Accuracy: Neural SDE achieves the lowest MSE for drift estimation (0.005), while MLE

remains superior for diffusion estimation in low-dimensional settings (MSE = 0.010).

(2) Computational Efficiency: RNN-based methods offer the fastest training (45 seconds

average), while PINNs require more computation due to collocation point evaluation (180

seconds).

(3) Scalability: Neural approaches scale more favorably to high dimensions, with Neural

SDE maintaining accuracy up to 50 dimensions where MLE becomes intractable.

(4) Data Efficiency: MLE requires fewer observations for accurate estimation when the model

is correctly specified, while neural methods are more robust to model misspecification.

(5) Uncertainty Quantification: Bayesian neural network extensions provide natural

uncertainty estimates, while frequentist methods require additional bootstrapping.

Impact of Network Architecture on Learning
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Figure 8. Impact of network architecture on learning dynamics. Deeper networks with more

neurons converge faster but require careful regularization to prevent overfitting.
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Figure 9. Predicted versus true values for drift (left) and diffusion (right) functions. Points near the

diagonal indicate accurate predictions.
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Figure 10. Residual analysis. Left: Distribution of PDE residuals showing approximate normality.
Right: Q-0 plot confirming the Gaussian assumption.

6. Discussion
Our comprehensive investigation into learning drift and diffusion terms using neural networks
reveals several important insights about the capabilities and limitations of these approaches relative
to traditional statistical methods.
6.1 Theoretical Implications
The success of neural network approaches for SDE parameter estimation can be understood through
the lens of universal approximation theory. Neural networks with sufficient capacity can
approximate arbitrary continuous functions, including the drift and diffusion terms of SDEs, to any
desired accuracy. This theoretical guarantee provides a foundation for the empirical success
observed in our experiments.
However, the approximation capability must be balanced against the risk of overfitting, particularly
when training data is limited. Our regularization strategies, including weight decay and gradient
penalties on the learned functions, help mitigate this risk by promoting smooth solutions that

generalize well to unseen data.
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The connection between PINNs and the Fokker-Planck equation offers an alternative perspective
on the learning problem. By enforcing the PDE residual, we effectively constrain the learned
parameters to generate probability distributions consistent with the underlying stochastic dynamics.
This physics-informed constraint reduces the effective dimensionality of the search space and can
lead to more robust estimates.
6.2 Practical Considerations
Several practical considerations emerge from our implementation experience:

(1) Network Architecture: Deeper networks (4-5 layers) with moderate width (64-128 neurons)

generally perform best. Excessive depth can lead to training instability, while insufficient

capacity limits approximation accuracy.

(2) Activation Functions: Smooth activations like tanh or Swish are preferred over ReLU for
SDE learning, as they produce differentiable drift and diffusion functions compatible with
the theoretical requirements.

(3) Time Discretization: The choice of time step affects both accuracy and computational cost.
Adaptive schemes that adjust step size based on local dynamics can improve efficiency
without sacrificing accuracy.

(4) Initialization: Careful initialization of network weights, particularly for the diffusion
network, helps prevent numerical instabilities during early training iterations.

(5) Gradient Clipping: Essential for stable training of Neural SDEs, as the stochastic nature of
gradients can lead to occasional large updates that destabilize learning.

6.3 Limitations
Despite their promise, neural network approaches for SDE learning have several limitations that
should be acknowledged:

(1) Data Requirements: Neural methods typically require more training data than traditional
statistical approaches, particularly for high-dimensional problems where the curse of
dimensionality affects sample complexity.

(2) Computational Cost: Training neural networks is computationally intensive, especially for
PINNSs that require evaluating residuals at numerous collocation points. This cost must be
weighed against the benefits of increased flexibility.

(3) Interpretability: While neural networks can accurately approximate drift and diffusion
functions, the resulting black-box representations may be less interpretable than parametric
models with clear physical meanings.

(4) Uncertainty Quantification: Although Bayesian extensions provide uncertainty estimates,
accurately characterizing the full posterior distribution over functions remains challenging.

(5) Extrapolation: Neural networks may perform poorly when extrapolating beyond the range
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of training data, a concern for applications requiring predictions in unexplored regions of
state space.
6.4 Future Directions
Several promising directions for future research emerge from our work:
(1) Jump-Diffusion Processes: Extending neural approaches to handle processes with
jumps, relevant for financial applications and systems with discontinuous dynamics.
(2) Non-Markovian Processes: Developing methods for learning memory-dependent
stochastic processes using recurrent architectures or fractional calculus.
(3) Active Learning: Designing adaptive sampling strategies that select the most
informative observations for efficient parameter estimation.
(4) Multi-Fidelity Methods: Combining high-fidelity = simulations with low-

fidelity approximations to accelerate training while maintaining accuracy.

(5) Theoretical Analysis: Establishing rigorous convergence rates and sample complexity

bounds for neural network-based SDE estimation.

7. Conclusion

This paper has presented a comprehensive investigation into learning drift and diffusion terms in
stochastic differential equations using neural networks. Our work establishes that physics-informed
neural networks and neural SDEs provide powerful alternatives to traditional statistical methods for
SDE parameter estimation, offering particular advantages in flexibility, scalability, and handling of
complex dynamics.

Our key findings can be summarized as follows:

(1) Neural network approaches achieve comparable or superior accuracy to traditional methods
like MLE and GMM for drift estimation, with Neural SDE achieving the lowest MSE
(0.005) on the Ornstein-Uhlenbeck benchmark.

(2) For diffusion estimation, neural methods are competitive in low dimensions but may require
additional regularization or larger datasets to match the accuracy of likelihood-based
methods.

(3) Scalability to high-dimensional problems represents a significant advantage of neural
approaches, maintaining reasonable accuracy (MSE < 0.15) at 50 dimensions where
traditional methods become intractable.

(4) The physics-informed constraint in PINNs provides regularization that improves
generalization and reduces data requirements compared to purely data-driven approaches.

(5) Computational efficiency varies across methods, with RNN-based approaches offering the
fastest training (45s) and PINNs requiring more computation (180s) due to collocation point
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evaluation.

The practical implications of our work extend across multiple domains. In financial modeling,
neural SDEs offer flexible frameworks for asset price dynamics that can adapt to changing market
conditions. In physics and engineering, PINNs enable data-driven discovery of stochastic models
while respecting fundamental conservation laws. In biology, these methods can help identify the
noise characteristics of gene regulatory networks and population dynamics.

Our open-source Python implementations provide researchers and practitioners with accessible
tools for exploring these methods on their own problems. We emphasize the importance of careful
validation against known solutions and sensitivity analysis to hyperparameters when applying these
techniques in practice.

Looking forward, the integration of deep learning with stochastic calculus represents a vibrant and
rapidly evolving research frontier. As neural network architectures continue to improve and
computational resources become more abundant, we anticipate that data-driven approaches to
stochastic modeling will become increasingly prevalent across scientific and engineering

disciplines.

The theoretical foundations established in this work provide a stepping stone toward these future

developments, bridging the gap between classical stochastic analysis and modern machine learning.
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